For a graph G we denote by d G (u, v) the distance between vertices u and v in G, by d G (u) the degree of vertex u.
Introduction
In 1988 Hosoya [13] introduced a distance-based polynomial associated with a connected graph G with n vertices, denoted by H (G, x). If we denote by d G (u, v) the distance of vertices u and v in G (subscript G is omitted when the graph is understood from the context), it is then defined as
= n + |E(G)|x + · · · nowadays called the "Hosoya polynomial", where |E(G)| is the number of edges in G. If we denote by d(G, k) the number of pairs of vertices at distance k in G, then there is another equivalent definition:
The main property of H (G), that makes it interesting in chemistry, follows directly from its definition: its first derivative at x = 1 is equal to a well-known Wiener index W (G) of G ( [14, 19] , the sum of distances of all vertex pairs of G), i.e.,
Another elementary property of H (G) is:
About the topic on the Hosoya polynomial we refer the reader to the papers [2, 16] for chemical applications, to the papers [7, 10, 11, 20, 24, 25] for theoretical consideration, and to the papers [1, 12, 17, 21, 23, 26] for computations.
Bearing in mind two topological indices for a graph G: Schultz index [18] , denoted by W + (G), and modified Schultz index [15] , denoted by W * (G), Gutman [10] constructed two graph polynomials having the property that their first derivatives at x = 1 are equal to the two indices, respectively. If we denote by d G (v) for the degree of vertex v in G (i.e., the number of its first neighbors, subscript G is omitted when confusion is unlikely), then these polynomials are
and
In particular in the case of trees, Gutman proved that H + (G) and H * (G) are related with H (G) as follows.
Theorem 1.1 ([10]).
If G is a tree on n vertices, then the polynomials H + (G) and H * (G), respectively, and H (G) are related as
A hexagonal chain is a connected plane graph without cut-vertices in which all inner faces are hexagons (and all hexagons are faces), such that two hexagons are either disjoint or have exactly one common edge (and are then said to be adjacent), no three hexagons share a common vertex and each hexagon is adjacent to two other hexagons, with the exception of exactly two terminal hexagons to which a single hexagon is adjacent. See Fig. 1 for an example.
As mentioned by Eu et al. [6] , a similar affine relationship to that in Theorem 1.1 may exist between H (G) and, H + (G) and H * (G) respectively, on any hexagonal chain G. In this paper we give an affirmative reply and the explicit relationships as follows. 
By construction, a hexagonal chain G with h hexagons has 4h + 2 vertices and degrees of all vertices are equal to 2 and 3. Then the vertex set may be divided into two disjoint subsets with respect to vertex degree:
In what follows we define partial Wiener indices and partial Hosoya polynomials of G, respectively.
and the Wiener index and the Hosoya polynomial can be rewritten in the following manners, respectively.
For example, the Hosoya polynomial of the linear hexagonal chain L h can be decomposed as follows: 20, 22] ).
,
Main results
Theorem 2.1. Let G 1 and G 2 be any two hexagonal chains with h hexagons. Then
Its proof is referred to the next section. In what follows we deduce Theorem 1.2 from Theorem 2.1.
Proof Theorem 1.2. Firstly for any hexagonal chain G with h hexagons, from definitions of H + (G) and H * (G) we observe that
From Eq. (11), we obtain
Substituting Eqs. (9) and (10) into Eq. (13) gets 
From Lemma 1.3 and Eq. (11), we easily obtain H + (L h ), and then substituting it and H (L h ) into Eq. (14) gets Eq. 
Corollary 2.3 ([3-6]). If G is any hexagonal chain composed of h hexagons, then
Proof. Taking the first derivative of Eqs. (3) and (4) and then setting x = 1 give the assertions. Note that we make use of Eq. (2).
Proof of Theorem 2.1
To represent hexagonal chains we give some additional terminologies and notations. Among hexagonal chains composed of h hexagons, there is an extremal class, to be called the linear hexagonal chain and denoted by L h , which is isomorphic to the linear polyacene (i.e., with no 'turning hexagon'). A maximal linear hexagonal chain in a hexagonal chain is called a segment. A segment including a terminal hexagon is a terminal segment. The number of hexagons in a segment S is called its length, denoted by l(S) (see Fig. 1 ).
In order to describe the mutual relations of segments, we consider a non-terminal segment S and its two neighboring segments S 1 and S 2 embedded in the regular hexagonal lattice in the plane and draw a line through the centers of the hexagons of S (see Fig. 2 ). If S 1 and S 2 lie on the same side of the line, then S is called a non-zigzag segment (see Fig. 2(a) ), otherwise, a zigzag segment (see Fig. 2(b) ). We assume, for convenience, zigzag segments also include two terminal segments.
For some positive integer n, if a hexagonal chain G has n segments in turn denoted by S 1 , S 2 , . . . , S n , say l(S 1 ) =: l 1 and l(S i ) =: l i + 1 for 2 i n, then we say H consists of the set of segments S 1 , S 2 , . . . , S n and use Hl(l 1 , l 2 , . . . , l n ) to denote such a chain (see Fig. 1 ). We also denote by Hl(l 1 , l 2 , . . . , l i ) the auxiliary hexagonal chain of Hl(l 1 , l 2 , . . . , l n ) consisting of the set of segments S 1 , S 2 , . . . , S i for 1 i n. Obviously, Hl(l 1 , l 2 , . . . , l i , l i+1 ) can be obtained by identifying an edge, say v 1i v 2i and v 1i adjacent to two degree-3 vertices belonging to the segment S i , of Hl(l 1 , l 2 , . . . , l i ) and L l i+1 (see Fig. 1 ). Since the two neighboring segments have always one hexagon in common, the number of hexagons of Hl(l 1 , l 2 , . . . , l n ) is equal to l 1 + l 2 + · · · + l n .
For a hexagonal chain Hl(l 1 , l 2 , . . . , l n ) consisting of segments S 1 , S 2 , . . . , S n , we define two notations. For 1 i n, let i := 0, if S i is a zigzag segment; 1, otherwise.
Note that 1 = n = 0. For 1 p q n, let
We set α pq = 0 for q < p. Then
Proof.
In what follows we give some lemmas before offering the proof of Theorem 2.1. For k = 2, 3, i = 1, 2, . . . , n − 1, in Hl(l 1 , l 2 , . . . , l n ) we define
where 
Lemma 3.2 ([22]
). For 1 i n − 1,
By Lemma 3.2,
Lemma 3.3. Let G = Hl(l 1 , l 2 , . . . , l n ) be a hexagonal chain and let h = n i=1 l i , then
Proof. First, from G we can construct a sequence of hexagonal chains (G =:)G 1 , G 2 , . . . , G n (=L h ) such that for 1 i n − 1G i+1 is obtained from G i by straightening out the first turning hexagon (see Fig. 3 for illustration of turning G i into G i+1 ). Then G i can be seen as comprising i j=1 l j − 1 straight hexagons, then the turning hexagon, then a further l i+1 straight hexagons, then bending to the remaining n j=i+2 l j hexagons which are not necessarily straight (see Fig. 3 ), i.e., G i = Hl( i j=1 l j , l i+1 , . . . , l n ). Clearly, G n is a linear hexagonal chain L h . For example, if G = Hl (2, 3, 4) , then G 2 = Hl (5, 4) , G 3 = L 9 . Clearly,
By inspection of Fig. 3 , there are change of distances only between vertices in the tail (not comprise vertices a and b) and vertices behind c (not comprise vertex c) and increment by one when we straighten the turn. So
Inserting Eq. (18) into Eq. (21) gives
Inserting Eq. (17) into Eq. (22), we get
− 1)
Combining Eqs. (20) and (24), we obtain the assertion.
Combining Lemma 3.3 in [22] and Lemma 3.1, we obtain Lemma 3.4 ( [22] ). Let G := Hl(l 1 , l 2 , . . . , l n ) be a hexagonal chain and let h = n i=1 l i , then
Proof of Theorem 2.1. Directly from Lemmas 3.3 and 3.4, for i = 1, 2, we get
The difference of the two equations obtained from Eq. (26) by taking i = 1, 2 gets Eq. (8) . Analogously, we can obtain Eq. (9) from Lemma 3.4. As for Eq. (10), it is obtained from Eqs. (7)-(9).
Discussion
In fact, from our main results we can give some other corollaries. Combining Lemmas 1.3 and 3.3, we get the following Corollary: Proof. By Corollary 2.2 it is sufficient to prove that W 3 (G 1 ) − W 3 (G 2 ) ≡ 0(mod 2). Since
, it is sufficient to prove that W 3 (G) − W 3 (L h ) ≡ 0(mod 2) for any hexagonal chain G = Hl(l 1 , l 2 , . . . , l n ) with h hexagons. It is easily obtained by taking the first derivative of Eq. (25) and then setting x = 1.
Recently, the families of the generalized Hosoya polynomials of a graph G associated with a real number a are defined. For details see Refs. [6, 22] . They comprise the polynomials H + (G) and H * (G). In Ref. [6] authors mentioned that a similar affine relationship to that in Theorem 1.2 may exist between Hosoya polynomials and generalized Hosoya polynomials on hexagonal chains. We can easily give an affirmative reply from Theorem 2.1.
